Eur. Phys. J. A 10, 347-353 (2001)

THE EUROPEAN
PHYSICAL JOURNAL A

© Societa Italiana di Fisica
Springer-Verlag 2001

Low-energy limit of chiral meson theory
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Abstract. Based on a phenomenologically successful effective chiral theory of pseudoscalar, vector, and
axial-vector mesons, all the coefficients of the chiral perturbation theory are predicted. There is no new
adjustable parameter in these predictions. Up to O(mg) the formulas of the masses of the pseudoscalar

mesons are the same as the ones obtained by ChPT.

PACS. 11.30.Rd Chiral symmetries — 13.75.Lb Meson-meson interactions — 12.40.-y Other models for

strong interactions

The chiral perturbation theory(ChPT) proposed a
decade ago [1] is successful in parametrizing low-energy
QCD. The chiral symmetry revealed from QCD, quark
mass expansion, and momentum expansion are used to
construct the Lagrangian of ChPT
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The parameters in the chiral perturbation theory(1l) are
pion decay constant fr and the 10 Gasser-Leutwyler(G-
L) coefficients. These parameters are determined by fitting
experimental data (table 1). Recent review of the ChPT
can be found in ref. [9]. Many models [2-8] try to predict
some of the 10 coefficients (table 2).

The chiral perturbation theory is rigorous and phe-
nomenologically successful in describing the physics of the
pseudoscalar mesons at low energies. Models attempt to
deal with the two main frustrations that the ChPT is lim-
ited to pseudoscalar mesons at low-energy and contains
many coupling constants which must be measured. How-
ever, the chiral perturbation theory sets a low-energy limit
for all models. The price paid for including more mesons
and determining the coefficients is to make additional as-
sumption.
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I have proposed an effective chiral theory of pseu-
doscalar, vector, and axial-vector mesons [10, 11]. It pro-
vides a unified description of low-lying meson physics.
This effective theory is phenomenologically successful [10—
12]. Tt is natural to study whether the Lagrangian (1) of
the chiral perturbation theory can be derived from this ef-
fective theory and the 10 coefficients can be predicted. In
ref. [13] in terms of this theory [10,11] an analytic method
has been used to study £;2,3.9,10. In this paper the ef-
fective theory [10,11] has been used to predict all the 10
coefficients of ChPT.

The Lagrangian of this theory has been constructed as

L=p()(iv-0+~-v+7-ays —mu(z))y(x)
(. 1 * *
0T M)+ 5ol ppit K I 4 67,
‘HL?aui + Kleu + A fu+ fﬂflsu) ) (2)

where M is the quark mass matrix

m, 0 O
0 mgq 0 s
0 0 my

v = TipL + A K"+ (% + \/Lg)\g)wu + (% — \%)\8)({)“,

a, = Ti% + )‘GKI(lLu, + (% + %/\S)fu + (% - %)‘S)flsua
and v = exp{iys(Tim; + Ao Ko+ Agns +10) }- v is expressed
as

1 1
U = 5(1+’Y5)U+§(1*75)UT7 (3)
where U = exp{i(7;m; + MoKy + Asn +10)}-

The kinetic terms of mesons are generated by quark
loops. Equation (2) is a Lagrangian of an effective theory,
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Table 1. Values of the coefficients [8,14]

10°Ly 10° Lo 10°Ls 10° L4 10° L5 10° Lg 10° L7 10° Ls 10 Lg 10°L1o
4+ .3 1.35+ .3 —-35+1.1 -3£.5 14+ .5 —-2+.3 —4+.2 9+ .3 69+.7 —-55+.7
b2+.23 2+£.24 -270+.99 .65 £ .12 —-26+£.15 47+£.18
Table 2. Coefficients obtained by models
Vectors [4]  Quark [2] ref. [6] ref. [7] Nucleon loop Linearoc model ENJL 8]
(Li+3Ls)x107%  —2.1 -8 2.1 1.1 -8 -5
Ly x1073 0.8
Ly x 1073 2.1 1.6 1.6 1.8 .8 1.5 1.6
Lz x 1072 —4.1
Lsx1073 0.
Ls x 1072 1.5
Lg x 1072 0.
L7 x 1077
Lg x 107° 0.8
Lo x 107° 7.3 6.3 6.7 6.1 3.3 9 6.7
Lo x 1073 —5.8 —-3.2 —5.8 —5.2 —-1.7 —-2.0 —5.5
therefore, a cut-off is necessary to be introduced. In the where
chiral limit in ref. [10] under the cut-off it is defined
2 2 2
5 . 2 fﬂ' =F (1 - _)
m*N¢g D 4Pk —1 F g
e 2 _ 22 16" - .
(2m)* 4 (k* —m?) 16 There are similar equations for other meson fields. The

The vector field, for example, the p field of eq. (2) is nor-
malized to physical p-meson field

i i
pu - gp;u

where ¢ is a universal coupling constant and defined as

, 1F?
I T me

In order to cancel the mixing between a’

;, and pion fields
a transformation

al — —a! — =on’
" ga " g
is introduced, where
1 1
Ga ;( - 27T2g2)

and c¢ is determined to be

I

c= .
2gm?

Physical pion field is defined as

universal coupling constant g appears in all kinds of meson
vertices. In ref. [10] the coupling between photon and p-
meson (VMD) has been determined to be

e 1 .. )
So{=3 P (Ourl — Dup) + A"55),

where jg is the meson vector current. Using this vertex,
the numerical value of ¢ is determined by the decay rate of
p — ee’ to be 0.39. It is useful to summarize the features
and results of this effective theory [10,11].

1. In the limit m4 — 0, the theory is explicit chiral sym-
metric,

2. The scheme of the nonlinear g-model is used to in-
troduce the pseudoscalar mesons into eq. (2). In this
way, the parameter m is naturally introduced to the
theory and nonzero quark condensate is revealed from
this theory. The theory has dynamical chiral symmetry
breaking,

3. The pseudoscalars are Goldstone bosons and Gold-
stone theorem is satisfied,

4. The masses of vector and axial-vector bosons are ob-
tained [10,11,15] and Weinberg’s sum rule is satisfied,

5. Vector Meson Dominance is a natural result of this
model and PCAC is satisfied,

6. The Lagrangian of the Wess-Zumino-Witten anomaly
is the imaginary part of the effective Lagrangian,

7. Large-N¢ expansion is realized in this effective theory.
The tree diagrams are at the leading orders and loop
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diagrams of mesons are at higher orders of large N¢o
expansion,

8. All the masses of mesons are below the cut-off. The
theory is self-consistent,

9. There are five parameters: a universal coupling con-
stant g, parameter m for quark condensate, and three
current quark masses,

10. The masses and decay widths (strong, electromagnetic,
and weak interactions) of the mesons are calculated.
Form factors, mm and 7K scatterings [16] are studied.
7 mesonic decays are systematic studied [12]. Theory
agrees well with data.

The ChPT is the low-energy limit of any model of
mesons. In this paper the low-energy behavior of the effec-
tive theory described by Lagrangian(2) is studied to see
whether the effective theory of mesons goes back to ChPT
at low energies and the 10 G-L coefficients of ChPT can
be predicted.

In this effective theory [10,11] meson resonances are
involved. In order to compare with ChPT the momentum
expansion to O(p?) is used. The quark masses and the G-
L coefficients are scale-dependent quantities. In this paper
the scale is the mass of the p-meson.

As a matter of fact, in ref. [10] two of the coefficients
have been determined from the contribution of the p-
resonance in w7 scattering. There are contact terms which
make less contribution. In this paper a complete expres-
sions of the coefficients L; 5 3 are presented.

The vertex pmm has been derived in ref. [10]

LT = fomn()€sjippmi 0,
q> 2¢
Forn(d?) = —{1 +55m ngz [(1— ;)2 —4r*}, (4)

where g is the universal coupling constant in this effective
theory [10], the decay width of p-meson is calculated to be
146MeV which is in good agreement with the data, and ¢
is the momentum of the p-meson. The effective Lagrangian
of 77 scattering at low energy (¢ < mz) is derived from
eq. (4) and eq. (13) of ref. [10]

1

= — 2m
L 2f28 0 w2
2c de 1262 ¢t
_—{[= 1—25)2 (14 =24 222 il
+f#{[2(47f)2( g)( Ty - 92 ) 92}
X Bﬂma"m@ywjﬁ’jwj

1 2c. 4 4c c
+ - )l —)+ =
[(47r)2( g) ( P gg) 92]
X Bﬂma’jmauwja”wj}

4 2c, 2c 1 2c
——1=—)—{29c+ —=(1 — —

=2 e+ (1= )
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Comparing with Lagrangian of the CHPT(1), we obtain

11 2¢
2(Ly + Lo) + Ly = ~ 11— =)
(L1 + L2) + L3 4(47r)2( g)’
1t 1 1 2c 4c  4c?
L - (1-2)20 - = - =
g 4(477)2( g)( g 92)
1 2c. c 2c
+-(1—-—)—{2¢g +—1—— 6
S0- 2200+ 50— ). (6)

Only two of the three coefficients are determined from
7w scattering. Therefore, another process is needed. We
choose 7K scattering [16,17] at low energy to do the job.
p and K* resonances contribute to 7K scattering. Using
eq. (13) in ref. [10], the pr7 vertex, and

= fp7r7r(q2)fakag*(Kb8u7rk - WkaMKb) [11},
(7)

in the chiral limit the two isospin amplitudes of 7K scat-
tering at low energy are derived as

2 16 1 4 2¢c

ﬁK*ﬂ"ﬂ'

, 4
Tt gl O )
2¢c de 42 ct
Tty e
= e+ (1= )
X {u(s—t)+t(s—u)}
1 1 4c2 2¢c c
T ===+ il g0 5
2c 4c 162 5 ¢t
G e
2c 12¢  16¢2 7ct
e g O T e
(= ) 2ge+ ~(1-2))
X {—3s(u—t)—|—u(s—t)—|—4t(s—u)}, (8)
where
s=(p1+p2)? t=(p1—p3)? u=(p—ps)’,

p1,3 are the momenta of initial and final pions and ps 4 are
the momenta of initial and final kaons, respectively. The
two isospin amplitudes of 7K scattering can be derived
from the chiral perturbation theory(1) too. Comparing the
partial waves obtained from eqgs. (8) and CHPT, besides
egs. (6) obtained from 77 scattering we obtain

—2L1 + Ly =0,
3 2¢ 1 2c
Ly =~ (1= —){2ge+ 51—~
0= 15— D)o+ (1= )
1 1 2¢\ 2 4c 82 3¢t
s (1-2) a-Z-2) -5
2 (4)? g g 92 4g
1 2¢ 2c 1 2c
= 1-—){2 —(1 - —
1= o= Dot 5(1- )
1t
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The first equation of eq. (9) has been obtained in ref. [8].

It is learned from ref. [10] that ¢> ~ O(N¢), f2 ~
O(N¢), and m? ~ O(1) in the large-N¢ expansion. There-
fore, L1 23 ~ O(N¢). The predictions of L;_3 are made
at the tree level, therefore, eq. (9) actually means that
—2L1 + Ly ~ O(1) in large-N¢ expansion.

According to ref. [1b], the coefficients L 5 are deter-
mined from the quark mass expansions of m?2, m%(, m%,
f=, fx, and f,. Therefore, the quark mass term of the La-
grangian (5) is needed to be taken into account in deriving
the effective Lagrangian of mesons. The expressions of the
masses and the decay constants of the pseudoscalars are
found from the real part of the effective Lagrangian. Using
the method presented in ref. [10], in Euclidean space the
real part of the effective Lagrangian of mesons with quark
masses is written as

N dD >
ﬁRE:§/ DZ

xTr{(“Y'3—W'U+W'a’75)(7'6—i7'v_i7'a75)
+2ip - (0 — v —ia) + my - Du —i[y - v, M|
+ify - a, M}ys —m(aM + Mu) = M*}", (10)

where Dyu = 0Oyu — ifvy,ul + i{ay,ulys and @ =
exp{—ivs[rimi + AaKa + Asns + no]}. Comparing with
eq. (11) of ref. [10], there are new terms in which the
quark mass matrix M is involved. As done in ref. [10], the
mesons fields in eq. (10) have to be normalized.

The masses of the pseudoscalcar mesons are derived
from eq. (10). The masses of the pseudoscalars can be
calculated to any order in quark masses. Up to the second
order in quark masses we obtain

+m2

2

I(mu + md)2}7

5 (00 ma) = (% + m3)},

2. = fé{—éwxmu +ma) -

m20_ 2{

4 — F?
2 —(mqums)Z},

M+ :E{*§<w¢>(mu+ms)* 4

2
o = {5 ) mact m) = T ma ),
M = 4{ <ww> (1 +mq + 4ms)

8
2

F
—F(mz—kmfl—&-élmf)}. (11)

() is the quark condensate of three flavors. In terms of
a cut-off A the quark condensate is expressed as

- i 47p mu

p? —m?
3m3Nc A2 A2
The universal coupling constant g is expressed as [10]
F? 1 A2 1
2
= = —{log(*= + 1)+ —— —1}. (1
7 = Gz = g o8 ¥ 0 -1 09

The European Physical Journal A

The decay constants of the pseudoscalars, fr, fk, and
fn, are defined by normalizing the pseudoscalar fields as
done in refs. [10,11]. In this paper we calculate the con-
tributions of the quark masses to these decay constants
to O(my). Using the effective Lagrangian (10), the decay
constants can be calculated to any order in quark masses.
As indicated in refs. [10,11], there is mixing between the
axial-vector field and corresponding pseudoscalar field.
The mixing results in the shifting of the axial-vector field
Ay

a, — laﬂ C—(/l(?,LP,

14
ga ga ( )

where P is the corresponding pseudoscalar field, g, is the
normalization constant of the a,, field, and ¢, is the mixing
coefficient. Both g, and ¢, are determined in the chiral
limit in ref. [10]. It is obtained by eliminating the mixing
between pion and a fields that

¢ 1 F?

F? 3
g m{ 5 —5)2m(my + ma)},

(SW  4g2 (15)

where m,, is the mass of the a;-meson, which is determined
from the Lagrangian (10) as

gam? = F? + g*>m? + 6g5,m(m, +mq),  (16)

where g2, is expressed as [10]

1

292(1—ng2)- (17)

2
90a

Up to the first-order in quark masses, the decay constant
f2 is obtained from the Lagrangian (10)

R (18)
where
2, = F2(1- %) 10] (19)
g
and
2c 1
[ = (1—3)(1—m)—
2c c
2f4 (W@ (1- ?)(1 - ;)- (20)

In the same way, f12<+, ff{(], and fgg are found

2o = f2{1 4 ple ey (21)

fo = f2{l+ f 2 (22)

1 + +4
_ f72r0{1+ W} (23)

m
Substituting egs. (18,21,22,23) into eq. (11), to the sec-
ond order in quark masses the masses of the pseudoscalar

mq + mg
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mesons are obtained

M2 = (=5 () (ma-+ ma)
_F;onu Fma + L0 m o+ ma)?),
M = {5 (00 m +
_F;m Fmd) L) (4 ma)?),
me = - (5 P ma+ma)
ot ma)? + L) s mag2),
mho = Zr- =3 (00 (ma-+ m)
_F;<md+ms) f<ww> (ma +ms)*},
m, = Z =3 ) 3+ my + dm,)
B2 e )
%f@«p%%(mwmﬁ‘lmﬂ ;
= =5 () 3+ g+ dmy)
L2 - )b ma+ m,
2 = 2= e ma ). 24)

The mass formulas (24) are the same as the ones obtained
by ChPT([1b]). The mass difference of charged and neu-
tral pions is found from eqgs. (24)

9 2c

mis — mfro =(1— ) (mg —my)2 (25)

Comparing eqgs. (24) with egs. (10.7,10.8) of ref. [1](b)),
the following coefficients of the ChPT are predicted:

Ly=0, Lg=0, (26)
2of
Ly == 27
>~ 8mBy’ (27)
F2
L8 - _TB?)’ (28)
F2
3L7 + Lg = —m, L7 = 0, (29)
where
4 1. -
By = - (=) () (30)
w0
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Using eq. (30), Ly and Lg are written as
Ls = 55501 = (1 = 2P - 555)
(1= 2+ 5Q0 - ), (31)
Ls = —m(l - %)Qa (32)
where
Q= ~ 5507 75 90 (33)

Equations (12,13) show that @ is a function of the uni-
versal coupling constant g only and is determined to be
4.54.

Both Ls and Lg are at O(N¢). Ly, Lg, and Ly are from
loop diagrams of mesons and are at O(1) in the large-N¢
expansion.

According to refs. [1b,3], Ly and Lig are determined

by (r?), and the amplitudes of pion radiative decay, 7~ —
e yv
_ 2
Lg - 48 <rﬂ'>7 (34)
1 R
Ly = —5—
9 3271_2 Fvv (35)
1 F4
Liyv=———-1L 36
10 3271’2 v 95 ( )

where R, FV, and F4 are r4, hy,and hy of ref. [3], re-
spectively. In ref. [12] we have derived the expression of
pion radius as

2y 0 3 4 2%
<r>ﬂ_m%+ﬂ.2f72r{(1 g)

2 _yr2?Y,

(37)

which agrees with the data very well. Using eqs. (34,37),
it is predicted

2
C —4n?c?},

1
On the other hand, Lg is determined by eq. (35) too. The
three form factors of the decay amplitude of 7= — e™ v

are presented in our paper [12]

vV _ My
= 2\/§7r2f71'7 (39)
1 mym? 2¢ 1

FA= _—— 7T P _-20)(1— ——)! 40
NN mZ( g)( 27r292) : (40)
2 2
g° my My 2c 1 2c

R="r——-Ft{—4 —(1-—
V2 fr m2 +7r292( g)}

Using the mass formula of the aj-meson (in the chiral
limit) [10]

L F2+
— ) = — m
2m2g2’/ g2
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Table 3. Predictions of the Values of the coefficients

10°L;  10°L,  10°Ls  10°Lsy 10°Ls 10°Lg  10°Ly  10°Ls  10°Lg  10°Lyo
1.0 2.0 —5.16 0 4.77 0 0 —0.079 8.3 —-7.1
it is obtained To the leading order in No Ly g = 0(26) are obtained
) and are the same as determined by Zweig rule [9,19]. L7 is
%( o1 yl=1- 2¢ (42) compatible with the phenomenological value. The value of
m2 2m2 g2 g Ls is much greater than the phenomenological value which
is determined by the ratio of % The expressions of both
Substituting eq. (42) into R (41), it is derived Jx,(18,21,22) are the same as in ref. [1]. In this paper a
1 greater value of the quark condensate(12) is obtained by
R=——mg;fr{r®) . (43) input g = 0.39 which is determined by fitting p — eet

3v2

This is the expression obtained by applying PCAC to this
process [18]. Therefore, the coefficient Lg derived from
eq. (35) is the same as the one obtained from eq. (34).

Using eq. (42), the ratio 1‘?—3 is written as

FA 2¢c.
v =0- ;) : (44)
The coefficient Ly is found from eq. (36)
1 1 1 2c
Lig=—~cg+ ~c*— 1- 52, 4
= =geot ¢ = (=R (@)

Both Lg and Lig are at O(N¢).

In the expressions of the coefficients (6,9,26,29,31,
32,38,45) there are two parameters: g and f2 /m?) which
have been determined already. The coeflicients of the
ChPT are, completely, predicted by this effective chiral
theory and their numerical values are listed in table 3.

Some of the G-L coefficients have recently re-evaluated
on the basis of an O(p®) analysis [19]. Table 1 shows that
there are changes in Ly 5g. Before comparing our theo-
retical predictions of the G-L coefficients with the phe-
nomenological values it is necessary to point out that

1. at low energies the effective chiral theory of mesons
goes back to the ChPT,

2. up to O(m2) the mass formulas of the pseudoscalars
(24) obtained from this effective theory are the same
as the ones in the ChPT,

3. up to O(m,) the expressions of fr, fk, and f,(18-23)
are the same as in the ChPT,

4. the form factor of pion [20], 77w and 7K scatterings,
form factors of m — eyr have been studied by this ef-
fective theory. Theoretical results agree well with data.
The values of these physical quantities at low energies
are used to determine Lq 239, 10-

The theoretical values of L; 23 are compatible with
their phenomenological values shown in table 1. However,
there are differences. In ref. [9,19] the values of L; 5 3 are
determined by fitting the data of wm scattering and Key4. In
this paper we use 7w and 7K to determine them. Ky, de-
cays have been studied by using this effective theory [21].

(u) = (dd) = (5s) = —(0.378 GeV)3.
Equation (31) shows that a greater quark condensate leads
to greater value of Ls. On the other hand, fK =119 is

obtained in this paper, which is 2.5% away from the data.
Because of the same reason a smaller Lg (32) is obtained
in this paper.

The theoretical values of Lg 1o are compatible withe
their phenomenological values.

To summarize the results, the effective chiral theory
of mesons goes back to ChPT at low energies. The orders
of the G-L coefficients of the ChPT in the large-N¢o ex-
pansion are predicted as L1 2358910 ~ O(N¢) and Ly
are O(1). These predictions agree with ref. [1b]. It is also
predicted that Ly ~ O(1) in this paper. There is no ad-
justable parameter in predicting the G-L coefficients of
the ChPT.

(46)

The author wishes to thank B. Holstein for discussion. This
research was partially supported by DOE Grant No. DE-
91ER75661.
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